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To Professor Yingbo Zhang on the occasion of her 70th birthday Abstract. In this paper, we study the algebra automorphisms and isomorphisms for a family of "symmetric" multiparameter quantized Weyl algebras A q,Λ n (K) and some related algebras in the generic case. First, we compute the Nakayama automorphism for A q,Λ n (K) and give a necessary and sufficient condition for A q,Λ n (K) to be Calabi-Yau. We also prove that A q,Λ n (K) is cancellative. Then we determine the automorphism group for A q,Λ n (K) and its polynomial extension A q,Λ n (K[t]). As an application, we solve the isomorphism problem for {A 
Introduction
Ever since it was introduced by Maltisiniotis in [26] , the multiparameter quantized Weyl algebra A q,Γ n (K) has been extensively studied in the literature [2, 14, 17, 12, 20, 32] . When n = 1, A q,Γ n (K) is the rank-one quantized Weyl algebra A q 1 (K). Recall that A q 1 (K) is a K−algebra generated by x, y subject to the relation xy − qyx = 1, whose prime ideals of A q 1 (K) were classified in [17] . The automorphism group of A q 1 (K) was completely determined in [2] . There has been further research on the Maltisiniotis multiparameter quantized Weyl algebras A q,Γ n (K) of higher ranks. For instance, Rigal determined the prime spectrum and the automorphism group for A q,Γ n (K) in the generic case [32] . Later on, Rigal's result has been improved by Goodearl and Hartwig in [18] , using a result due to Jordan [20] that A q,Γ n (K) has a simple localization when none of q i is a root of unity. As an application, they have further solved the isomorphism problem for the family of Maltsiniotis multiparameter quantized Weyl algebras {A q,Γ n (K)}. Another family of multiparameter quantized Weyl algebras A q,Λ n (K) with symmetric relations has been investigated in the literature [1] . We will refer to this family of algebras as the multiparameter quantized Weyl algebras of "symmetric type" or "symmetric" multiparameter quantized Weyl algebras. When n = 1, the multiparameter quantized Weyl algebra A q,Λ n (K) is also isomorphic to the rank-one quantized Weyl algebra A q 1 (K). Note that A q,Λ n (K) and A q,Γ n (K) are closely related in many aspects. In particular, it was proved in [20, 1] that A q,Λ n (K) and A q,Γ n (K) have isomorphic simple localizations if none of the major parameters q 1 , · · · , q n is a root of unity. The prime ideals of A q,Λ n (K) were classified in [1] in the generic case. When λ ij = 1, the algebra A q,Λ n (K) is isomorphic to the tensor product A q 1 1 (K) K ⊗ · · · ⊗ K A qn 1 (K), whose automorphism group has recently been settled in the works [8, 9] for q i = 1, using the methods of discriminants and Mod p.
Since A q,Λ n (K) can be presented as an iterated skew polynomial algebra, A q,Λ n (K) is a twisted (or skew) Calabi-Yau algebra by the result in [25] . Thus, it is of interest to further determine when A q,Λ n (K) is indeed Calabi-Yau [15] . We will compute the Nakayama automorphism for A q,Λ n (K) using the methods as developed in [25, 19] and establish a necessary and sufficient condition for A q,Λ n (K) to be a Calabi-Yau algebra. We will also prove that A q,Λ n (K) is universally cancellative when none of q i is a root of unity in the sense of [6] . Similar results will be established for the Maltisiniotis multiparameter quantized Weyl algebra A q,Γ n (K). The algebra A q,Λ n (K) also fits into the class of generalized Wey algebras [4] . The isomorphism problem for some rank-one generalized Weyl algebras has been studied in [5, 31] . In general, it would be interesting to determine the automorphism group for A q,Λ n (K) and obtain an isomorphism classification for the family {A q,Λ n (K)}. One of the main objectives of this paper is to completely determine the algebra automorphism group for A q,Λ n (K) and solve the isomorphism problem in the case where none of q 1 , · · · , q n is a root of unity. We will use the fact that A q,Λ n (K) has a simple localization (A q,Λ n (K)) Z with respect to the submonoid Z of A q,Λ n (K) generated by some normal elements. We will also study the automorphisms and solve the isomorphism problem for the polynomial extensions {A q,Λ n (K[t])} and {A q,Γ n (K[t])}. Since we don't put any conditions on the parameters λ ij and γ ij , we are not able to employ the method used in [9] , due to the lack of information on the discriminants in the root of unity case, despite the recent progress in [10, 13, 24, 28] . We will follow the approach used [32] and [18] in the non-root of unity case.
When q = 1 and n = 1, both A q,Λ n (K) and A q,Γ n (K) are indeed isomorphic to the classical first Weyl algebra A 1 (K), which is generated by x, y subject to the relation xy − yx = 1. The automorphism group of A 1 (K) was first determined by Dixmier in [11] , where Dixmier also asked the question whether each K−algebra endomorphism of the n−th Weyl algebra A n (K) is an algebra automorphism when the base field K is of zero characteristic. Later on, Dixmier's question has been referred to as the Dixmier conjecture. The Dixmier conjecture has been proved to be stably equivalent to the Jacobian conjecture [21, 7, 34] . There have been several works studying a quantum analogue of the Dixmier conjecture for some quantum algebras [3, 30, 22, 23, 33] . In particular, it has recently been proved in [23] that each K−algebra endomorphism of a simple localization of A
is indeed an algebra automorphism when q is not a root of unity. It would be of great interest to establish such a quantum analogue for the simple localization (A q,Λ n (K)) Z in the generic case. Another main objective of this paper is to address such a problem. We will prove that each K−algebra endomorphism of (A q,Λ n (K)) Z is indeed an algebra automorphism under the condition that the parameters q i are independent. We will be able to determine the K−algebra automorphism group for (A q,Λ n (K)) Z in this case.
The paper is organized as follows. In Section 1, we recall the definition of A q,Λ n (K) and establish some of its basic properties. Then we determine the height-one prime ideals, the normal elements and the center of A q,Λ n (K). As an application, we prove that A q,Λ n (K) is universally cancellative. We also compute the Nakayama automorphism of A q,Λ n (K). Similar results will be established for A q,Γ n (K) as well. In Section 2, we completely determine the automorphism group for A q,Λ n (K) and solve the isomorphism problem. We also study the automorphism group and the isomorphism problem for A q,Λ n (K[t]) and A q,Γ n (K[t]). In Section 3, we prove a quantum analogue of the Dixmier conjecture for (A q,Λ n (K)) Z and describe its automorphism group.
Multiparameter Quantized Weyl Algebras of "Symmetric Type"
In this section, we first recall the definitions of the Maltisiniotis multiparameter quantized Weyl algebra A q,Γ n (K) and the "symmetric" multiparameter quantized Weyl algebra A q,Λ n (K). Then we will establish some basic properties for A q,Λ n (K). In particular, we will determine all the height-one prime ideals of A q,Λ n (K), and describe the normal elements and the center for A q,Λ n (K) in the case where none of q i is a root of unity. As an application, we show that A q,Λ n (K) is universally cancellative. We will also verify that A q,Λ n (K) is a twisted Calabi-Yau algebra, and compute its Nakayama automorphism, and determine when A q,Λ n (K) is a Calabi-Yau algebra. Similar results will be established for the Maltsiniotis multiparameter quantized Weyl algebra A q,Γ n (K) as well.
Let K denote a field and n be any positive integer and set q = (q 1 , · · · , q n ) with q i ∈ K * for i = 1, · · · , n. Let Γ = (γ ij ) be a multiplicatively skew-symmetric n × n matrix with γ ij ∈ K * . Recall that the Maltisiniotis multiparameter quantized Weyl algebra A q,Γ n (K) is defined to be a K−algebra generated by x 1 , y 1 , · · · , x n , y n subject to the following relations:
Now we recall the definition of the so-called alternative (or "symmetric") multiparameter quantized Weyl algebra A
ji and λ ii = 1. The multiparameter quantized Weyl algebra A q,Λ n (K) of "symmetric type" is defined to be a K−algebra generated by x 1 , y 1 , · · · , x n , y n subject to the relations: 
can be presented as an iterated skew polynomial algebra as follows:
As a result, A q,Λ n (K) is a (both left and right) Noetherian domain and A q,Λ n (K) has a Gelfand-Kirillov dimension of 2n. It also has the K−basis as stated. ✷ Let D be any ring and σ = (σ 1 , · · · , σ n ) be a set of commuting automorphisms of D and a = (a 1 , · · · , a n ) be a set of (non-zero) elements in the center of D such that σ i (a j ) = a j for i = j. The study of the generalized Weyl algebra A = D(σ, a) of degree n over the base ring D was initiated by Bavula. For the detailed definition of generalized Weyl algebras and their properties, we refer the readers to [4] and the references therein. Next, we show that A q,Λ n (K) can be realized as a generalized Weyl algebra.
For i = 1, · · · , n, let us set z i = x i y i − y i x i . It is easy to verify that 
Proof: We can set the base ring as D = K[z 1 , · · · , z n ], which is the polynomial K−algebra in z 1 , · · · , z n . In addition, for i = 1, · · · , n, [20] , the localization (A q,Γ n (K)) Z ′ is a simple algebra when none of q i is a root of unity. Thus, the result follows. ✷ The prime ideals of the "symmetric" multiparameter quantized Weyl algebra A q,Λ n (K) were completely determined by Akhavizadgan and Jordan in [1] under certain conditions on the parameters q i and λ ij in the case where K is algebraically closed. However, these conditions are only needed for describing the complete prime spectrum of A q,Λ n (K). As we can see, one can still obtain a complete classification of the height-one prime ideals for the algebra A q,Λ n (K) under the weaker condition that none of q i is a root of unity and K is any field. 
n (K) generated by the normal element z i is a completely prime ideal. Note that the proof of Lemma 3.2 in [1] does not need the extra assumption that K is an algebraically closed field. In addition, by Corollary 4.1.12 in [27] , the height of the prime ideal (z i ) is at most one for i = 1, · · · , n. Since A q,Λ n (K) is a domain, the zero ideal (0) is a prime ideal of A q,Λ n (K). Thus, the height of (z i ) is indeed 1 for i = 1, · · · , n.
Since none of the parameters q i is a root of unity, the localization (A q,Λ n (K)) Z is a simple algebra. Thus each non-zero prime ideal P of A q,Λ n (K) has to meet with the Ore set Z. Suppose that we have z a 1 1 · · · z an n ∈ P . Thus we have the inclusion: (z
Since each z i is a normal element, we have that z j ∈ P for some j. As a result, we have the inclusion: (z j ) ⊆ P for some j. If P is of height one, then we have that P = (z j ) for some j. Therefore, we have completed the proof. ✷ 
First of all, it is easy to check that each element az
in the set N as given above is indeed a normal element for the algebra A q,Λ n (K). Conversely, let w = 0 be a normal element of A q,Λ n (K). Then the ideal (w) of A q,Λ n (K) generated by the normal element w is a non-zero two-sided ideal of A q,Λ n (K). Thus the localization (w) Z of the ideal (w) with respect to the Ore set Z is a non-zero two-sided ideal of the localization (A q,Λ n (K)) Z . Since the localization (A q,Λ n (K)) Z is a simple algebra when none of q i is a root of unity, we have that
Note that the only invertible elements of (A q,Λ n (K)) Z are non-zero scalar multiples of the products of integer powers of the elements z i . Since w ∈ A q,Λ n (K), we further have that w = az
Since c is in the center, we have
Since q i is not a root of unity, we have l i = 0 for i = 1, · · · , n. Thus c = a ∈ K * . So the center of A q,Λ n (K) is the base field K. ✷ The study of Zariski cancellation problem for noncommutative algebras has recently been initiated in the work of Bell and Zhang. We first recall a definition on the cancellation property from [6] . Definition 1.2. Let A be a K−algebra.
(2) We call A strongly cancellative if, for any d ≥ 1, the isomor-
(3) We call A universally cancellative if, for any finitely generated commutative K−algebra and domain R such that R/I = K for some ideal I ⊂ R and any K−algebra B, A⊗R ∼ = B ⊗R implies that A ∼ = B.
Note that if an algebra A is universally cancellative, then it is strongly cancellative; and if an algebra A is strongly cancellative, then it is cancellative. Proof: It can be verified in a similar fashion that the center of the Maltisiniotis multiparameter quantum Weyl algebra A q,Γ n (K) is also K when none of the parameters q i is a root of unity. Using Proposition 1.3 in [6] , we know that the algebra A q,Γ n (K) is universally cancellative. As a result, A q,Γ n (K) is strongly cancellative and cancellative. ✷ Recall from [25, 29] that a K−algebra A is called µ−twisted (or skew) Calabi-Yau of dimension d, where µ is a K−algebra automorphism of A and d ∈ Z ≥0 , provided that
(1) A is homologically smooth in the sense that as a module over A e : = A⊗ K A op , A has a finitely generated projective resolution of finite length.
When the above two conditions hold, the automorphism µ is called the Nakayama automorphism of A. In general, the Nakayama automorphism µ of an algebra A is unique up to an inner automorphism of A. An algebra A is called Calabi-Yau (or CY, for short) [15] if A is twisted Calabi-Yau and the Nakayama automorphism µ A of A is inner . It has been proved that any Ore extension (or skew polynomial algebra) E = A[x; σ, δ] is a twisted Calabi-Yau algebra of dimension d + 1 if A is a twisted Calabi-Yau algebra of dimension d in [25] , where a formula for computing the Nakayama automorphism µ of E is also established. It follows immediately that any iterated Ore extension (or iterated skew polynomial algebra) is a twisted Calabi-Yau algebra. The Nakayama automorphisms of iterated Ore extensions (or iterated skew polynomial algebras) have been further studied in [19] , where a formula of computing the Nakayama automorphism for any reversible, diagonalized iterated Ore extension is developed. In particular, it is proved in [19] that the Nakayama automorphism of any symmetric CGL extension is an automorphism defined by the conjugation of a normal element. Since A q,Λ n (K) is an iterated skew polynomial algebra, A q,Λ n (K) is indeed a twisted Calabi-Yau algebra. We next compute the Nakayama automorphism for A q,Λ n (K) and provide a necessary-sufficient condition for A q,Λ n (K) to be a Calabi-Yau algebra. In addition, we will identify a normal element that defines the Nakayama automorphism µ of A 
Proof: We prove this statement using induction on the index n. For simplicity, we will sometimes denote the algebra A q,Λ n (K) by A instead. When n = 1, we have that A = A q 1 1 (K), the rank-one quantized Weyl algebra, which is a K−algebra generated by x 1 and y 1 subject to the only relation: x 1 y 1 −q 1 y 1 x 1 = 1. In this case, we can present the algebra A as an iterated skew polynomial algebra in two different ways. First of all, we have that
Since the Nakayama automorphism of A is unique up to an inner automorphism of A and the set of invertible elements in A is the set K * , we have that b = d = 0 and a = q 1 and c = q −1 1 . Suppose the statement is true for the subalgebra B of A q,Λ n (K) generated by x 1 , · · · , x n−1 , y 1 , · · · , y n−1 . That is, the algebra B is a twisted Calabi-Yau algebra with its Nakayama automorphism µ defined as follows:
Next we will present A q,Λ n (K) as an iterated skew polynomial algebra over the base algebra B in two ways. We will denote the Nakayama automorphism of A q,Λ n (K) by µ. First of all, we can have that A 25] , the Nakayama automorphism µ of A q,Λ n (K) is given as follow:
Note that the subalgebra B[y n ; σ 1 , δ 1 ] of A q,Λ n (K) can also be constructed as an iterated skew polynomial algebra from the base field K as follows:
repeatedly, we have µ(y n ) = q −1 n y n + e for some e ∈ B[y n ; σ 1 , δ 1 ]. Similarly, we can prove that µ(x n ) = q n x n + f for some f ∈ B[x n ; σ It is straightforward to check that µ is indeed defined by the conjugation of z = z 1 · · · z n . So we have completed the proof. ✷ We can determine the Nakayama automorphism µ for the multiparameter Maltsiniotis quantized Weyl algebra A q,Γ n (K) in a similar fashion. In particular, we have the following result. 
Proof: The proof is similar to the one for Theorem 1.5, and we will not repeat the details here. ✷ Remark 1.1. The Nakayama automorphism µ of A q,Λ n (K) (or A q,Γ n (K)) is completely determined by the parameters q 1 , · · · , q n , and it is independent of the rest parameters λ ij (or γ ij ).
Remark 1.2. One can also present the algebra
as a reversible, diagonalized iterated Ore extension and then apply the formula as developed in [19] to compute the Nakayama automorphism of A q,Λ n (K) (or A q,Γ n (K)). Instead, we have closely followed the original idea as established in [25] for the purpose of providing more details. ) up to algebra isomorphisms in the case where none of q 1 , · · · , q n is a root of unity. Note that we will not put any condition on the rest parameters λ ij . We have some similar results on the automorphisms and isomorphisms for A q,Γ n (K[t]). First of all, we establish a useful lemma, which is similar to the ones used in [32] and [16] . We will further set z 0 = 1. 
q,Λ n (K) whose terms do not involve any positive powers of x i and y i . It is easy to see that we have
Suppose that f = 0, then g = 0, which implies that g ′ = 0. Since b = 0, we have that f ′ = 0. So we have
Note that ab is a K−linear combination of z 1 , · · · , z n , where z j = x j y j − y j x j for j = 0, · · · , n. Thus we have that both g and f ′ are in K * . Moreover, we have
If f ′ = 0, then we have that g ′ = 0. Thus we have that g = 0. So we have a = f x i , b = g ′ y i .
As a result, we have the following:
for some λ, µ ∈ K * . So we have completed the proof. ✷ Lemma 2.2. Let ϕ be a K−algebra automorphism for A q,Λ n (K). Then for each i = 1, · · · , n, we have that ϕ(z i ) = (z j ) for some j. In particular, we have that
for some j and α, β ∈ K * .
Proof: Since ϕ is a K−algebra automorphism of A q,Λ n (K), it permutes all the height-one prime ideals of A q,Λ n (K). As a result, we have ϕ((z i )) = (z j ) for some j. Thus ϕ(z i ) = f z j for some f ∈ A q,Λ n (K). Conversely, we have that φ −1 ((z j )) = (z i ). Thus ϕ −1 (z j ) = gz i for some g ∈ A q,Λ n (K). As a result, we have the following
which implies that ϕ −1 (f )g = 1. Since the only invertible elements of A q,Λ n (K) are in K * , we have that φ −1 (f ) ∈ K * and g ∈ K * . Thus we have that ϕ(z i ) = λz j for some λ ∈ K * . Since
, we have the following
By Lemma 2.1, we have either σ(x i ) = αx j and ϕ(y i ) = βy j , or ϕ(x i ) = αy j and ϕ(y i ) = βx j for some α, β ∈ K * and j ∈ {1, · · · , n}. ✷ Theorem 2.1. Let ϕ ∈ Aut K (A q,Λ n (K)). Then there exist a permutation σ of the set {1, · · · , n} and α i ∈ K * for i = 1, · · · , n such that
Proof: Since ϕ is a K−algebra automorphism of A q,Λ n (K), we have that ϕ(x i ) = αx i and ϕ(y i ) = βy i or ϕ(x i ) = αy j and ϕ(y i ) = βx j for some j ∈ {1, · · · , n} and α, β ∈ K * . Suppose that ϕ(x i ) = αx j , ϕ(y i ) = βy j . Then we have αβ(x j y j − q i y j x j ) = 1, αβ(x j y j − q j y j x j ) = αβ.
As a result, we have that αβ(q j −q i )y j x j = (1−αβ), which implies that αβ = 1, and q i = q j . So we have that β = α −1 and q i = q j . Suppose that ϕ(x i ) = αy j and ϕ(y i ) = βx j . Then we have the following αβ(y j x j − q i x j y j ) = 1, αβ(x j y j − q j y j x j ) = αβ.
As a result, we have that αβ(1 − q i q j )y j x j = (1 + q i αβ), which implies that q i = q −1 j and β = −q −1 i α −1 . In either case, we can define a permutation σ of {1, · · · , n} by σ(i) = j. So the result has been proved. ✷
The following two corollaries follow directly from Theorem 2.1 and we state them here without proofs. (1) for any i, j ∈ P 1 , we have
(2) for i ∈ P 1 , j ∈ P 2 , we have
. In particular, the automorphism ϕ is defined as follows:
Conversely, for any given partition P 1 ∪ P 2 of {1, · · · , n} and any permutation σ of {1, 2, · · · , n} satisfying the above conditions, we can
, ∀j ∈ P 2 . Proof: Let ϕ be a K−algebra automorphism of A q,Λ n (K) and σ be the corresponding permutation of {1, · · · , n} associated to ϕ. Let us set
Let i, j ∈ P 1 , then we have the following:
. From the definition of A q,Λ n (K), we have the following commuting relations among the generators x i , x j , y i , and y j :
Applying the automorphism ϕ to both sides of the above equations, we will have the following:
By the definition of A q,Λ n (K), we also have the following:
Therefore, we have λ ij = λ σ(i)σ(j) and q i = q σ(i) and q j = q σ(j) for any i, j ∈ P 1 .
Let i ∈ P 1 and j ∈ P 2 , then we have the following:
. Applying the automorphism ϕ to the following equations:
we have the following equations:
From the definition of A q,Λ n (K), we also have the following:
As a result, we have that λ ij = λ σ(j)σ(i) = λ −1 σ(i)σ(j) for i ∈ P 1 and j ∈ P 2 . Let i, j ∈ P 2 , then we have the following:
. Apply the automorphism ϕ to both sides of the following equations:
and we have the following:
Additionally, we have the following:
After comparing these equations, we have that λ ij = λ σ(i)σ(j) for i, j ∈ P 2 .
Conversely, it is straightforward to verify that a partition P 1 ∪ P 2 of {1, · · · , n} and a permutation σ of {1, · · · , n} satisfying the conditions can define an algebra automorphism ϕ of A q,Λ n (K). We will not state the details here. ✷ Next, we solve the isomorphism problem for the family of "symmetric" multiparameter quantized Weyl algebras. Given two data sets (n, q, Λ) and (m, q ′ , Λ ′ ), we can define two "symmetric" multiparameter quantized Weyl algebras A (1) for i, j ∈ P 1 , we have
In particular, the corresponding isomorphism ϕ :
is defined as follows:
Proof: First of all, the Gelfand-Kirillov dimension of A q,Λ n (K) is 2n and the Gelfand-Kirillov dimension of A
as a K−algebra, then they have the same Gelfand-Kirillov dimension. Thus we have m = n. The rest of the proof is to mimic the ones for Theorem 2.1 and Theorem 2.2 word in word. We will not repeat the details here. ✷ Let A be any K−algebra. A K−algebra automorphism h of the polynomial extension
is said to be triangular if there are a g ∈ Aut K (A) and c ∈ K * and r in the center of A such that h(w) = ct + r and h(a) = g(a) ∈ A for any a ∈ A. For more details, we refer the reader to [8] .
. Then we have the following result.
. Then there exist a partition P 1 ∪ P 2 of {1, · · · , n} and a permutation σ of {1, 2, · · · , n} such that (1) for i, j ∈ P 1 , we have
In particular, ϕ is defined as follows:
Proof: Note that the localization of A q,Λ n (K[t]) with respect to the Ore set K[t] − {0} is isomorphic to the algebra A q,Λ n (K(t)), which is a "symmetric" multiparameter quantized Weyl algebra over the base field K(t). Since none of q i is a root of unity, A Let us denote the restriction of ϕ to K[t] by ϕ 0 . Note that the inverse of ϕ 0 can be extended to a K−algebra ψ of A q,Λ n (K[t]) as follows:
). Thus we can extend ψ•ϕ to a K(t)−algebra automorphism of A q,Λ n (K(t)) and we still denote the extension by ψ • ϕ. By Theorem 2.2, there exist a partition P 1 ∪ P 2 of {1, · · · , n} and a permutation σ of {1, 2, · · · , n} such that
* for i ∈ P 1 and n (K) and ϕ(t) = at + b for some a ∈ K * and b ∈ K. Thus ϕ is triangular. As a result, we have the following:
As a result, if
Let ∂ be a locally nilpotent derivation of A q,Λ n (K). Since Z ⊂ K, we can define a K(t)−algebra automorphism ϕ of A q,Λ n (K(t)) as follows:
for any x ∈ A q,Λ n (K). If ∂ = 0, then ∂(x i ) = 0 for some i or ∂(y j ) = 0 for some j. Then we have ϕ(x i ) = x i + t∂(x i ) + other terms involving higher powers of t or ϕ(y j ) = y j + t∂(y j ) + other terms involving higher powers of t. This is a contradiction to the description of the K(t)−automorphisms of A q,Λ n (K(t)). Therefore, we have ∂ = 0. So we have completed the proof. ✷ Theorem 2.6.
) if and only if m = n, and there exist a partition P 1 ∪ P 2 of {1, · · · , n} and a permutation σ of {1, 2, · · · , n} such that (1) for i, j ∈ P 1 , we have
for i ∈ P 2 and ϕ(t) = at + b for some a ∈ K * and b ∈ K.
Proof:
m (K) be two Maltsiniotis multiparameter quantized Weyl algebras generated by x 1 , y 1 , · · · , x n , y n and x
. We have the following result for the automorphism group of the polynomial extension of the Maltsiniotis multiparameter quantized Weyl algebra. •
• For any a ∈ K * and b ∈ K, one can define a K−algebra auto-
The proof is similar to the one for Theorem 2.4 and we will not repeat the details here. ✷ Moreover, we have the following theorem. Proof: The proof is the same as the one used for Theorem 2.5. We skip the details. ✷ Next, we solve the isomorphism classification problem for the family of polynomial extensions {A q,Λ n (K[t])} based on a result due to Goodearl and Hartwig [18] . For convenience, we will follow the notation used in [18] . Theorem 2.9. Assume none of q 1 , · · · , q n and q
′ 1 , · · · , q ′ m is a root of unity. Then A q,Γ n (K[t]) is isomorphic to A q ′ ,Γ ′ m (K[t]
) as a K−algebra if and only if
• m = n;
• There exists a sign vector ε ∈ {−1, 1} n such that we have q
If the above conditions are satisfied, then for any µ ∈ (K * ) n and ε ∈ {±1} n and a ∈ K * and b ∈ K, one can define a unique K−algebra isomorphism ϕ µ,ε,a,b : A [18] . Proof: Note that any invertible element of (A q,Λ n (K)) Z is of the form αz a 1 1 · · · z an n , where α ∈ K * and a 1 , · · · , a n ∈ Z. Let ϕ be a K−algebra endomorphism of (A q,Λ n (K)) Z , then ϕ sends invertible elements of (A Suppose that we have
Since k i i ≥ 0, we have that a ii = 1. So we can conclude that ϕ(z i ) = λ i z i . Since z i x j = x j z i and z i y j = y j z j for i = j, we have that ϕ(x i ) = f i x i , and ϕ(y i ) = g i y i for some f i , g i ∈ K[z 
